We show that the homotopy groups of moduli spaces of positive scalar curvature metrics on certain simply connected spin manifolds are non-trivial.
Introduction
In recent years a lot of work was devoted on the study of spaces R + (M ) of Riemannian metrics of positive scalar curvature on a given spin manifold M . Here we only want to mention the works [BERW14] and [HSS14] .
The first work relates the study of the homotopy type of these spaces to certain infinite loop spaces. It is shown in this paper that infinitely many homotopy groups of these spaces are non-trivial.
In the second work it was shown that in degrees d much smaller than the dimension n of the manifold M there are classes in the the homotopy groups π d (R + (M )), which descent to non-trivial classes in the homotopy groups of the observer moduli space of positive scalar curvature metrics on M , if M fulfills some technical condition.
In this note we combine the results and methods of the above mentioned papers to prove the following theorem. Theorem 1.1 Let M be a closed spin manifold of dimension n ≥ 6 which admits a metric of positive scalar curvature. If k = 4s − n − 1 > 2n, s ∈ Z and g 0 ∈ R + (M ), then Examples of manifolds on which no finite group acts non-trivially and orientationpreserving have been given by Puppe [Pup95] . These examples are simply connected spin manifolds of dimension six. Therefore they admit metrics of positive scalar curvature.
has non-trivial image. If moreover, there is no non-trivial orientation-preserving action of a finite group on M , then
Moreover, we show the following result:
Theorem 1.2 Let n > 1. Then in the image of the map
there are elements of infinite order.
As far as we know, these are the first examples of elements in the fundamental group of the space of positive scalar curvature metrics which decent to elements of infinite order in the fundamental group of M + 0 (S 4n−2 ). Note that, by [Wal14] , π 1 (R + (S 4n−2 )) is abelian. The space R + (S 2 ) is known to be contractible [RS01] . Hence, the above theorem is false for n = 1.
This note is structured as follows. In the next Section 2 we proof Theorem 1.1. In Section 3 we recall some transversality results in the context of infinite dimensional manifolds. Then in Section 4 we recall Ebin's slice theorem and some of its consequences. In the Section 5 we give the proof of Theorem 1.2. Finally in Section 6 we show that our methods are not fine enough to deal with the moduli space of positive scalar curvature metrics with respect to the full diffeomorphism group.
2 The proof of Theorem 1.1
Our proof of Theorem 1.1 is based on the following result:
Here A k denotes the secondary index invariant for metrics of positive scalar curvature metrics. There are two definitions for this invariant one is by Hitchin [Hit74] , the other is by Gromov and Lawson [GL83] .
As shown in [Ebe14] , these two definitions lead to the same invariant. This is important for our work because we use results of [BERW14] , where mainly the first definition is used, and of [HSS14] , where the definition of Gromov and Lawson is used.
We also need the following definition from 
If there is no non-trivial smooth orientation-preserving action of a finite group on
Proof. The first statement is proved in [HSS14, Section 2]. The proof of the second statement is similar. Since there is no non-trivial orientation-preserving smooth action of a finite group on M the isometry group of any Riemannian metric on M contains at most one orientation-reversing involution and the identity. Therefore the group Diff 0 (M ) of orientation-preserving diffeomorphisms acts freely on R + (M ).
In particular, there is an exact sequence
Since M is anÂ-multiplicative fiber in degree k it follows from the arguments in [HSS14, Section 2] that A k ⊗ Q vanishes on the image of π k (Diff 0 (M )) ⊗ Q. Therefore the theorem follows.
Our Theorem 1.1 now follows from the above two theorems and the following lemma.
Lemma 2.4 Let M be a closed oriented smooth manifold of dimension
Proof. Let M → E → S k+1 be a smooth oriented fiber bundle. The tangent bundle of E is isomorphic to p * (T S k+1 ) ⊕ V where V is the bundle along the fiber. Since T S k+1 is stably trivial, it follows that T E and V are stably isomorphic. Therefore the Pontrjagin classes of E are concentrated in degrees smaller or equal to 2n. Moreover, since n < k, it follows from an inspection of the Serre spectral sequence for the fibration that H j (E; Q) = 0 for n < j < k + 1. Because 2n < k the Pontrjagin classes of E are concentrated in degrees smaller or equal to n. Moreover it follows that all products of these classes of degree greater than n must vanish. In particular all the Pontrjagin numbers of E vanish and the theorem is proved.
Transversality
In this section we start to collect the necessary material for the proof of Theorem 1.2. We need the following transversality result for maps into infinite dimensional manifolds. 
there is a homotopy
Proof.
The existence of p guarantees that F is isomorphic as a topological vector space to R n+1 × F ′ for some closed subvector space F ′ ⊂ F . Therefore the Lemma follows from the finite dimensional case F = R n+1 . This case follows from transversality considerations. Here the isometry group Iso(g) of g is a compact Lie subgroup of Diff(M ), since M is compact.
Remark 3.2 If there is a continuous scalar product on an infinite dimensional topological vector space, then there is always a map
From the proof of this theorem it follows that E is isomorphic as a topological vector space to E Iso(g) × F , where F is a Iso(g)-invariant closed subspace of E. Moreover, there is a continuous scalar product on E so that the remark of the previous section applies to E and F . Note that Bourguignon [Bou75, Proposition III.20] has shown that F is infinite dimensional if Iso(g) is non-trivial.
For g ′ ∈ N , Iso(g ′ ) is conjugated in Diff(M ) to a subgroup of Iso(g) (see [Ebi70, Theorem 8 .1]). Furthermore, it follows from the proof of that theorem that the minimal stratum in N , i.e. the set of those metrics in N whose isometry group is conjugated to Iso(g), is given by V × D(E) Iso(g) . In particular, maps from finite dimensional manifolds to N can be made transverse to the minimal stratum.
If γ : I → N/ Diff(M ) = D(E)/ Iso(g) is a path, then this path can be lifted to a path in N (see [Bre72, Chapter II.6 
]).
Denote by M the moduli space of all Riemannian metrics on the closed manifold M and by M m,k the moduli space of Riemannian metrics on M with dim Iso(g) < m or (dim Iso(g) = m and | Iso(g)/ Iso(g) 0 | ≤ k).
Then we have:
1. M is locally homeomorphic to orbit spaces of infinite dimensional representations of compact Lie groups. We call the charts which correspond to these local models "Ebin charts", denoted by E/G.
Since S n and D n+1 are compact for all n ∈ N the following statements follow from the second point above.
7. similar statements hold for homology groups. 
The path γ| [a j ,b j ] can be lifted to a path in an Ebin slice E. There it can be made transversal to the minimal stratum. Since the complement of the minimal stratum in an Ebin chart is connected, γ is homotopic to a closed curve in M m,k−1 .
Lemma 5.2 The kernel of the map π 1 (M m,k−1 ) → π 1 (M m,k ) is generated by torsion elements.
Proof. Let γ : I → M m,k−1 be a closed curve and λ : I × I → M m,k a null homotopy of γ.
Then there are finitely many discs D 2 1 , . . . , D 2 j ⊂ I × I − ∂(I × I) with piecewise C 1 -boundary, such that:
Without loss of generality we may assume, that there is a curve σ : I → I × I from the base point to the boundary of D 2 k such that σ(t) ∈ D 2 i for t = 1. Cutting I × I along σ leads to a homotopy from γ to λ(σ * ∂D 2 k * σ −1 ). Now we can lift λ(∂D 2 k ) to a curve in an Ebin slice and make it transversal to the minimal stratum. This leads to a homotopy λ ′ :
By induction we see that γ is homotopic in M m,k−1 to
Therefore it suffices to show that closed curves δ which are contained in an Ebin chart are torsion elements.
To do so, lift δ to an Ebin slice. Let δ ′ be the lift of δ. Let G be the compact Lie group which acts on this slice. Then there is a g ∈ G, such that gδ ′ (0) = δ ′ (1). Let k be the order of the class of g in G/G 0 . Then
is a lift of δ k , which ends and starts in the same component of Gδ ′ (0). Therefore δ k can be lifted to a closed curve in the Ebin slice. Since the complement of the minimal stratum in the Ebin slice is contractible, it follows that δ is torsion.
Proof. It follows from the two lemmas above that the kernels of the maps
We have to show that γ is contained in a normal subgroup of π 1 (M m,k−1 ) which is generated by torsion elements and C m,k−1 . Since [γ] = 0 ∈ H 1 (M m,k ), we have γ ∈ C m,k ⊂ π 1 (M m,k ). Because C m,k−1 → C m,k is surjective by the first lemma, it follows from the second lemma that up to torsion elements γ is contained in C m,k−1 . This proves the claim.
The next step is to show that the kernels of H 1 (M 0,1 ) → H 1 (M 1,0 ) and H 1 (M m−1,0 ) → H 1 (M m,0 ) are torsion. This follows from 5 and 7 in the previous section, by taking the limit.
Therefore the statement follows from 6 and 7 in the previous section, by taking the limit.
Corollary 5.4 Let n > 1. Then in the image of the map
Proof.
It follows from transversality considerations that π 1 (R + 0,1 ) → π 1 (R + ) is an isomorphism. Using Theorem 2.1 one sees as in the proof of Theorem 2.3 that there are elements of infinite order in the image of the map π 1 (R + 0,1 (S 4n−2 )) → π 1 (M + 0,1 (S 4n−2 )), whose image in H 1 has infinite order. Note here that spheres areÂ-multiplicative fibers in any degree by [HSS14, Proposition 1.9]. Therefore the statement follows from the above corollary.
Remarks on orientation-reversing isometries
In this section, we show that the index difference A k ⊗ Q cannot be used to detect nontrivial elements in π k (M + (M )) ⊗ Q if there is an orientation-reversing diffeomorphism ϕ of finite order in Diff(M ) which leaves some metric g 0 of positive scalar curvature invariant. Here M + (M ) denotes the moduli space of positive scalar curvature metrics on the spin manifold M with respect to the full diffeomorphism group of M .
To be more precise we have the following theorem. 
Proof. Let m be the order of ϕ and ζ a primitive m-th root of unity. We first prove the theorem with Q replaced by Q[ζ] and will then indicate how the theorem follows. Since g 0 is fixed by the action of ϕ on R + , there is a natural induced action of ϕ on
. This Q[ζ]-vector space decomposes as a direct sum of the eigenspaces of ϕ * .
To see this note that, for
because ϕ has finite order. Since the minimal polynomial of the restriction of ϕ * to W v (a divisor of X m − 1), splits over Q[ζ] as a product of linear factors each appearing with multiplicity one, ϕ * | Wv is diagonizable. Because v ∈ W v , it follows that v is the sum of eigenvectors of ϕ * .
The kernel of the natural map
contains all eigenspaces of ϕ * except the one corresponding to the eigenvalue 1. This is because, for g ′ ∈ π k (R + ) ⊗ Q[ζ], g ′ − ϕ * g ′ is clearly contained in this kernel.
Therefore it suffices to show that A k ⊗ Q[ζ] vanishes on this eigenspace. To see this we note that for g ′ ∈ π k (R + , g 0 ) we have
by the Gromov-Lawson definition of the index difference and the fact that ϕ is an orientation-reversing isometry of g 0 . Note here that since H 1 (M ; Z 2 ) = 0 there is a unique spin structure on M . Therefore ϕ : M → −M is spin preserving.
To get the statement of the theorem with coefficients in Q and not in Q[ζ], note that the Galois group H of the field extension Q[ζ]|Q is finite and acts with fixed point set π k (R + , g 0 )⊗Q on π k (R + , g 0 )⊗Q [ζ] . Therefore, if g ′ ∈ π k (R + , g 0 )⊗Q[ζ] with A k (g ′ ) = 0 and [g ′ ] ∈ π k (M + , g 0 ) ⊗ Q, we have
Hence, the theorem is proved.
The examples of Puppe mentioned in the introduction have orientation-reversing involutions. Therefore with our methods one can not do better than in our Theorem 1.1. But we also want to mention that many positively curved manifolds such as spheres and complex projective spaces of odd complex dimensions admit orientation-reversing isometric involutions.
